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Problem
Medical ultrasound images can be reconstructed by solving an inverse problem y = Hx + n, where x ∈ ℜN×1 contains the ultrasonic reflectivity values
at N pixel positions, y ∈ ℜK×1 gathers the sampled channel data, H ∈ ℜK×N is the model matrix containing the information of geometry and the
point-spread function, and n ∈ ℜK×1 stands for the white Gaussian noise with the standard deviation σ. The inverse problem was traditionally solved
with one or several regularization functions (s.t. l1 norm, l2 norm, wavelet-based term), but with this approach, it is hard to get a satisfied balance
between the image contrast, the spatial resolution, and the speckle preservation which are important features for medical ultrasound images.

Basic Concepts
Denoising Diffusion Restoration Models
(DDRM)[2] were recently proposed to solve
inverse problems by leveraging the pre-trained
Denoising Diffusion Probabilistic Models
(DDPM)[3] which are generative models uncon-
ditioned on any inverse problem.

With the SVD of the model matrix Hd, an
inverse problem can be transformed into a
denoising problem (Equ.1 to Equ.3)

yd = Hdxd + nd (1)

yd = UdΣdVt
dxd + nd (2)

ȳd = x̄d + n̄d, (3)

where ȳd = Σ†
dU

t
dyd, x̄d = Vt

dxd, and n̄d =

Σ†
dU

t
dnd.

The inverse problem conditioned diffusion pro-
cess is realized by weighting the trust for ȳd and
DDPM according to the standard deviation of
the additive noise σd = std(nd).

After certain time steps, an estimated denoised
x̄d can be generated and the estimated ground
truth xd can then be returned by calculating
Vdx̄d.

Models
The traditional inverse problem of ultrasound
beamforming has the size of y always larger than
that of x. To compress the amount of data, we
use the matched filtering to transform the in-
verse problem to

Hty = HtHx + Htn (4)

However, DDRM assumes that the additive
noise is i.i.d Gaussian, which is not satisfied
when the noise is colored by Ht. Therefore, we
consider a whitening operator C ∈ ℜN×N to
further transform the inverse problem to

CHty = CHtHx + CHtn. (5)

In our experiments, we perform DDRM with
both inverse problems.

C and svd(Hd)
Defining the diagonal matrix Λ ∈ ℜN×N and
the full matrix V ∈ ℜN×N as the eigenvalues
and the right eigenvectors of HtH respectively,
and the whitening operator can be calculated as

C = Λ
1
2 Vt,

When DDRM is applied with Equ.4,
svd(Hd) = svd(HtH) = VΛVt, σd = std(Htn);

when DDRM is applied with Equ.5,
svd(Hd) = svd(CHtH) = IΛ

1
2 Vt, σd = σ(n);

Simulation Results
We test 4 different phantoms for checking the adaptation of our inverse problem models to DDRM,
and the ground truth images of the phantoms (kidney, fetus[1], simu1, and simu2 from left to right)
are

The two inverse problem models are applied with varying the standard deviation of the additive noise
n from small to large, and the performances are evaluated with the SSIM and PSNR of the restored
images.

The visualized comparisons of the two models’ performances based on the kidney phantom and the
simu2 phantom are below, where the standard deviation of the additive noise increases from left to
right. The upper row and the lower row for each phantom case correspond to the results with Equ.4
and with Equ.5 respectively.

Conclusion
Our upgraded inverse problem model with a whitening operator adapts well to DDRM. And the
effect of the whitening operator becomes more obvious with high-level additive noise.

The value range of the simulated ground truth used above is [0, 1] where the values of the darkest
pixels are the smallest, but it is not the case for ultrasound images where the range is [−1, 1]. Our
future work will be on this data domain maladaptation problem.
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